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Coherent WDM Systems Using in-Line
Semiconductor Optical Amplifiers
Amirhossein Ghazisaeidi
Abstract—A theory of nonlinear signal propagation in multi-
span wavelength division multiplexed coherent transmission sys-
tems that employ the semiconductor optical amplifier as in-line
amplifiers is presented for the first time. The rigorous derivation,
based on time-domain first-order perturbation theory, is devel-
oped in detail. The end result is the expressions for the signal-
to-noise ratio of the received sampled photocurrent, including
contributions from noise, fiber-induced nonlinear distortions, and
amplified-induced nonlinear distortions.
Index Terms—Nonlinear impairments, in-line semiconductor
optical amplifier, coherent WDM, perturbation theory.
I. INTRODUCTION
RCENT years have witnessed the combination of someadvanced techniques, such as high cardinality shaped
constellations, single-channel digital nonlinear compensation,
and adaptive-rate capacity approaching forward error correc-
tion codes, to boost the spectral efficiency and the throughput
of coherent wavelength division multiplexed (WDM) multi-
span single-mode fiber-optic transmission systems. [1]- [4].
The spectral efficiency of fiber-optic transmission systems
is fundamentally limited by fiber nonlinear impairments [5],
[6]. Single-channel nonlinear compensation cannot mitigate
nonlinear interference stemming from the adjacent channels.
Multi-channel nonlinear compensation is prohibitively com-
plex; moreover, in meshed networks the adjacent channels are
added and dropped along the optical path of the channel of
interest (COI); therefore, the received samples of the adjacent
channel might not be adequate for the multi-channel nonlinear
equalizer to efficiently mitigate nonlinear impairments. Even if
the complexity is not a concern, and all the adjacent channels
are perfectly known and jointly processed at the receiver,
the nonlinear interaction between signal and spontaneous
emission noise (ASE), an effect which will be referred to
as NSNI in this work, sets the fundamental upper limit on
the achievable spectral efficiency using the standard digital
backpropagation (DBP) nonlinear equalizer. In [7] we have
studied those fundamental limits, and demonstrated that the
maximum improvement in spectral efficiency of conventional
coherent WDM systems using full-field DBP is about 50-60%.
Besides nonlinearity, the throughput of conventional WDM
systems is also limited by the total bandwidth of erbium-doped
fiber amplifiers (EDFA). Recent experiments using C+L dual-
band EDFAs have an optical transmission bandwidth about
9 THz [1]- [4]. In order to extend the transmission bandwidth,
all-Raman in-line amplification might be used [8], [9], but it
has its own drawbacks, most importantly the distributed nature
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of all-Raman amplification, which is hardly compatible with
routed networks topology, and its low power efficiency. Note
that even if all-Raman amplification is a viable option for in-
line amplifications, transmitter-side boosters and receiver-side
pre-amplifiers are still EDFAs in [8], [9].
Another alternative to EDFA and Raman optical ampli-
fication schemes is semiconductor optical amplifiers (SOA)
[10]. It has been shown that SOAs can deliver amplification
bandwidths up to 120 nm [11]. The SOA consists of an
electronically pumped millimeter-long active waveguide, and
is an integrable device providing lumped gain, thus, it is an
attractive potential candidate for replacing in-line amplifiers,
boosters and pre-amplifiers in a multi-span repeated trans-
mission system. However, light amplification by the SOA
is a nonlinear process; the gain fluctuates dynamically, at
the nanosecond scale, in response to input signal intensity
fluctuations; moreover, the typical noise figure (NF) of the
SOA is around 7 dB or higher, whereas that of modern EDFAs
is around to 4-5 dB. Due to its nonlinear behavior and high
NF, the SOA has not been used as an in-line amplifier in the
past. In fact, most of the versatile applications of the SOA are
based on exploiting its nonlinear behavior in order to realize
various optical signal processing functions [10].
In September 2017, Renaudier et al. have demonstrated the
first coherent WDM transmission system employing custom-
designed in-line ultra-wideband SOAs, with more than 100 nm
continuous optical amplification band instead of EDFAs, with
improved nonlinear and noise performance [12]. This new
result may pave the way for novel SOA-based coherent WDM
systems with considerable throughput increase with respect
to the present-day EDFA-amplified systems. That demonstra-
tion is the main motivation of the present work, where, we
present for the first time, a rigorous theory of nonlinear signal
propagation in coherent WDM multi-span systems based on
in-line SOAs. Note that although a vast literature exist on
modeling the SOA device per se, as well as for various optical
signal processing applications (cf. below for more details),
transmission systems with in-line SOA amplifiers have not
been studied in the literature due to the above mentioned lack
of motivation. To the author’s knowledge, the only exception
is the numerical investigations in [13].
Nonlinear signal propagation in EDFA-based coherent
WDM systems has been extensively studied [7], [14]- [18]1.
Nonlinear propagation in Raman-amplified systems is ad-
dressed in [19]. In particular, in [7] we have presented a
detailed demonstration of time-domain perturbative approach
1This list is not exhaustive by far. For a detailed discussion of various
approaches to modeling nonlinear signal propagation in coherent systems cf.
the introduction section of [7] and the references therein.
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to nonlinear wave propagation in EDFA-based coherent sys-
tems, first proposed in [14]. In [7], both signal-signal (SS) and
noise-signal (NS) nonlinear distortions have been rigorously
studied, and the signal-to-noise ratio (SNR) of the received
sampled signals are computed with and without nonlinear
compensation. The departure point of the present work is [7].
For the sake of simplicity, we limit our analysis to single-
polarization fields and ignore the NSNI. We replace EDFAs
by SOAs, and follow the lines of [7]. We introduce necessary
modifications to the theory, due to the presence of the gain
dynamics of the SOAs, and compute the variance of total
nonlinear SS distortions of the sampled received signal.
The main new ingredient of the present work is the SOA
model. An extensive literature on modeling the behavior of the
SOA exists (cf. [20]- [24] and the references therein for a non-
exhaustive literature review). On one extreme there exist very
sophisticated space-resolved models with tens of parameters
that allow for accurate modeling most of the optical and
electrical physical processes inside the SOA, e.g, the space-
dependence of material gain and optical field inside the SOA
waveguide, forward and backward propagation, frequency
dependence of gain and other parameters, various radiative
radiative and non-radiative recombination processes etc., and
are suitable for in-depth studies of the device physics [21].
On the other extreme, there are very simple reservoir models,
containing only few parameters, yet successfully capturing the
main features of the gain dynamics of the SOA, and so are
more useful for system studies where SOAs are combined
with many other components in a system architecture [20].
In past, we have used the reservoir model of [20] to study
the statistical properties of SOA nonlinear noise [25]- [27],
the nonlinear patterning effect in the SOA [28], and digital
post-compensation of SOA nonlinearity [29], [30], and have
found satisfactory match with experimental data. In this paper
we adopt the model presented in [20] for the in-line SOAs in
the multi-span coherent WDM systems, and derive expressions
for the SNR of the sampled received signal, using the time-
domain first-order regular perturbation theory (FRP), following
the steps of [7].
The structure of the paper is as follows. In Section II
we present the theory. Section II.A is devoted the the basic
definitions and problem statement, In section II.B the SOA
model is presented, In section II.C. The perturbative analysis
of the gain dynamics is presented in II.D. In section II.E the
full perturbative analysis of the whole system is presented. In
II.F the zeroth order solutions are derived. In II.G the sampled
photocurrent at the receiver side is analyzed, and in section
II.H the variance of nonlinear distortions are computed. In sec-
tion III conclusions are drawn. The mathematical background
is covered in Appendix A, whereas the detailed derivation
of the variance of the SOA-induced nonlinear distortions is
presented in Appendix B.
II. THEORY
A. Basic definitions
We consider a multi-span coherent WDM transmission
system, with an SOA at the end of each span, as illustrated
in Fig. 1.a. In [7] we presented a detailed analysis of the
EDFA-based multi-span coherent WDM systems, assuming
polarization multiplexed signals, and computed the variance of
nonlinear signal-signal (SS) and noise-signal (NS) distortions
of the sampled received signals of the channel of interest
(COI). In this work, we consider single polarization, replace
EDFAs by SOAs, and calculate the variance of SS distortions,
using first-order regular perturbation (FRP). We adopt exactly
the same notation as in [7], except for variables and parameters
related to modeling the optical amplifiers, where the notations
for the amplifier gain are more elaborate than [7], and new
symbols for the SOA physical parameters are introduced. Table
I lists the definition of basic variables and parameters used in
this work. If a symbol/notation is not explicitly defined in
the text, it should be looked up in Table I. For convenience,
we have collected the basic mathematical definitions and
identities, required throughout the paper in Appendix A.
The equivalent baseband total optical field envelop at TX
output is (cf. Table I and Fig. 1)
E (0, t) =
∑
k
akAk (0, t)+∑
k,s 6=0
ak,sAk,s (0, t− δTs) exp [−iΩst+ iφs (0)]. (1)
Note that Ak(z, t) = A0(z, t − kT ). We assume the pulse
shape of all WDM channels is the ideal Nyquist pulse, with
roll-off 0 and energy E = PT , i.e.,
E =
∫ +∞
−∞
|A0 (0, t)|2dt. (2)
We will sometimes work with the power normalized pulse-
shape U0(z, t) = A0(z, t)/
√E in the sequel.
B. SOA model
We assume all SOAs are identical components, and adopt
the model proposed in [20]. In this section we suppose that
the SOAs are noiseless. The ASE source, will be added later
to the propagation equation (cf.(15)). In this work we do not
study the nonlinear interaction between signal and ASE noise
neither in fiber nor in SOA. The nth SOA is placed at the end
of the nth span, and extends from z = zn to z = zn+ l. Inside
the SOA waveguide cavity, i.e., for zn ≤ z ≤ zn + l, the
material gain coefficient of the nth amplifier, gn(z, t), satisfies
the following equation
τc∂tgn(z, t) = go − gn(z, t)− gn(z, t) |E(z, t)|
2
Psat
. (3)
In this work, we denote the reciprocal of the saturation power
of the SOA by . We have
 =
1
Psat
(4)
The field entering the nth amplifier is E(zn, t). Inside the nth
amplifier, zn ≤ z ≤ zn+l, the following propagation equation
holds
∂zE(z, t) =
1
2
(1− iαH)gn(z, t)E(z, t). (5)
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TABLE I
DEFINITION OF THE BASIC SYMBOLS AND NOTATIONS
c speed of light [m/s] α fiber loss coefficient [1/m]
h¯ Planck constant divided by 2pi [Js] β2 fiber group velocity dispersion coefficient [s2/m]
t time [s] γ fiber Kerr nonlinear coefficient [1/W/m]
f frequency [Hz] nsp SOA population inversion factor
ω angular frequency [rad./s] Psat SOA saturation power [W ]
ω0 center angular frequency [rad./s] τc SOA carrier lifetime [s]
λ0 center wavelength [nm] αH SOA linewidth enhancement factor
z spatial coordinate along propagation direction [m] l cavity length of the SOA [m]
z0 coordinate of the TX go small-signal material gain coefficient of the SOA
zn coordinate of the end of the nth span [m] go small-signal integrated gain coefficient of the SOA
∆L span length [m] gn(z, t) small-signal material gain of the nth SOA [1/m]
L total transmission distance [m] gn(t) integrated gain coefficient of the nth SOA
Ns number of spans Ik kth sample of matched filtered photocurrent
COI channel of interest bk nonlinear signal-signal distortion of the kth received symbol
s WDM channels discrete index nk ASE noise samples of the kth received symbol of COI
M number of WDM channels on each side of the COI uf (t) impulse response of the matched filter
∆Ω channel spacing [rad./s] E(z, t) optical field [
√
W ]
Ωs base-band center frequency of the sth WDM channel A0(z, t) pulse-shape at TX [
√
W ]
δTs time shift between COI and the sth channel at TX U(z, t) power normalized optical field [
√
W ]
φs(0) time shift between COI and the sth channel at TX U0(z, t) power normalized pulse-shape at TX [
√
W ]
E pulse energy [J] n(z, t) ASE noise process [√W ]
P channel average power [W ] † Hermitian conjugation
T symbol duration [s] ∗ complex conjugation
k,m, n, p various discrete indices 〈〉 time and/or ensemble average
ak k
th information symbol of the COI 〈, 〉 time and/or frequency cross-correlation operator. cf. App.A
ak,s k
th information symbol of the sth WDM channel δ(·) Dirac delta function
µn nth moment of the constellation θ(·) Heaviside unit step function
Sn signal power launched into the nth span δmn Kronecker delta function
Nn output noise power generated by the nth SOA Dˆz dispersion operator corresponding to a z meter fiber. cf. App. A
nzz 
E(zn,t) E(zn+l, t)
{ak} {ak,1} {ak,M}{ak,-1}{ak,-M}
Ω1 ΩM Ω-M  Ω-1 π/T-π/T 0
……
COI
s=0 s=1 s=Ms=-1s=-M
SOA # n
lzz n 
gn(z,t)
0z 1zz  sNzz nN
nS
lzz  1
……
SOA #1 SOA # n-1 SOA # Ns
fiber span # n-1
E(0,t)
TX RX
SOA # n
nzz 
Matched 
Filter
t=kT
Ω
PSD of E(0,t)
a
ΔΩ
1 nzz
E(L, t)
Lz
sN

b c d
Fig. 1. (a): The fiber-optic multi-span link setup, composed of Ns spans. The n’th noisy SOA is placed at the end of the n’th span, i.e., at z = zn. The
transmitter, TX, is at z = z0 = 0, and the receiver, RX, is at z = zNs . The total signal (noise) power at the output of the n’th SOA is Sn (Nn). (b):
the power spectral density (PSD) of the total optical field E(0, t) at TX output, COI: channel of interest, ak,s is the kth information of symbol of the sth
channel, s = 0 corresponds to COI. ak is the kth information of symbol of the COI. (c): the nth SOA placed at the end of the nth span, i.e., z = zn. The
SOA cavity length is l. The material gain of the nth SOA is gn(z, t) inside the SOA cavity. (d): the ideal coherent RX to receive the COI, composed of the
matched filter followed by symbol-spaced sampler.
We define the integrated gain coefficient of the nth amplifier,
gn(t) as follows
gn(t) =
∫ zn+l
zn
dzgn(z, t). (6)
Similarly, the integrated small-signal gain of the nth SOA
is defined as go = gol. It is a well-known fact that the
z dependence in (3) and (5) can be integrated out, to find the
following input-output equations for modeling the nth SOA
τc
d
dt
gn(t) = go − gn(t)− 
[
egn(t) − 1
]
|E(zn, t)|2, (7)
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and
E(zn + l, t) = exp
{
1
2
(1− iαH)gn(t)
}
E(zn, t). (8)
C. System model
Signal propagation in each fiber span is modeled by the
nonlinear Schro¨dinger equation (NLSE) [5]
∂zE(z, t) = −α
2
E(z, t)−iβ2
2
∂2tE(z, t)+iγ|E(z, t)|2E(z, t).
(9)
Note that (9) is valid for
zn−1 + l ≤ z ≤ zn, for n = 1, ..., Ns. (10)
On the other hand, for zn ≤ z ≤ zn + l, the propagation of
the optical field inside SOA waveguides is modeled by (5).
In fact, the multi-span link is a cascade of Ns nonlinear fiber
spans described by the NLSE interleaved with Ns nonlinear
SOAs modeled by (7) and (8).
Next, we derive a single partial differential equation describ-
ing the field propagation in the whole multi-span link. Note
that the SOA waveguide cavity length, l, is on the order of
millimeters, whereas the span length is a few tens of kilometer;
therefore, we let l→ 0, and go →∞, but such that the product
gol remains constant and equal to go. Moreover, we assume
that the material gain coefficient of the SOA is a constant
function of z inside the SOA waveguide, and is written as
gn(z, t) = gn(t)pl(z − zn), (11)
where,
pl(z) =
{
1/l 0 ≤ z ≤ l
0 otherwise . (12)
Note that when the SOA cavity length tends to zero, we have
lim
l→0
pl(z) = δ(z), where δ(·) is the Dirac delta function. So,
in the l→ 0 limit we have
lim
l→0
gn(z, t) = gn(t)δ(z − zn). (13)
Now, we define the following overall material gain coefficient
function across the whole link from z = 0 to z = zNs .
g(z, t) =
Ns∑
n=1
gn(t)δ(z − zn). (14)
Using (14), we can describe the field propagation from z = 0
to z = zNs by a single partial differential equation, which is
∂zE(z, t) =
1
2
(1− iαH) g(z, t)E(z, t)
− α
2
E(z, t)− iβ2
2
∂2tE(z, t) + iγ|E(z, t)|2E(z, t) +n(z, t).
(15)
In (15), we have manually added the spatio-temporal ASE
process n(z, t). It is a circular complex Gaussian process with
zero mean and the following spectral domain autocorrelation
〈n˜∗(z, ω)n˜(z′, ω′)〉 = 2piC˜(z, ω)δ(z − z′)δ(ω − ω′). (16)
where, we have
C˜(z, ω) =
h¯ω0
2
nsp
Ns∑
n=1
(eg¯n − 1)δ(z − zn). (17)
Note that although the field propagation is described by a
single equation, (15), we still have Ns reservoir equations
for the gain dynamics of the SOAs, (cf. (7), and note that
n = 1, ..., Ns ), coupled to the propagation equation (15). Our
next task is to analyze the SOAs’ nonlinear gain fluctuations in
term of perturbation series in , and derive a single propagation
equation that includes the gain dynamics of all the amplifiers
as well.
D. Perturbation analysis of gain dynamics
Let’s write the integrated gain coefficient of the nth SOA as
gn(t) = g¯n + δgn(t), (18)
where, g¯n is the time averaged integrated gain coefficient, i.e.,
g¯n = 〈gn(t)〉 , (19)
and δgn(t) is the zero-mean integrated gain fluctuations. In
order to obtain the equation governing g¯n, we compute the
time average of both sides of (7). We obtain
0 = go − g¯n − 
〈(
eg¯neδgn(t) − 1
)
|E(zn, t)|2
〉
. (20)
We keep only first-order fluctuations of gains and optical field
intensity in the analysis. Based on this approximation we have
eδgn(t) ∼= 1 + δgn(t). (21)
We also assume the second-order fluctuations
〈δgn(t)δ|E(zn, t)|2〉 are negligible, thus
〈δgn(t)|E(zn, t)|2〉 = 〈δgn(t)〉〈|E(zn, t)|2〉 = 0. (22)
Using (21) and (22), we find the following equation for the
average gain of the nth SOA
0 = go − g¯n − 
(
eg¯n − 1) 〈|E(zn, t)|2〉 . (23)
We neglect signal depletion by ASE noise, and assume that
average gain perfectly compensates the span loss. In other
words,
g¯n = α∆L. (24)
Let’s denote the power span loss by η, which is
η = e−α∆L. (25)
Note that 〈|E(zn, t)|2〉 = ηPtot. (26)
The Ptot is the total power at the output of each SOA. We have
Ptot = NchP , where Nch is the number of WDM channels.
In this work, we assume Nch, is an odd number, Nch = 2M+
1, and that the COI is the (M + 1)th channel located at the
center of the WDM grid (cf. Fig. 1.b). Using (21)-(26), the
(20) results in
α∆L+ (1− η)Ptot = go. (27)
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Now, using (7), (18), (23), and (27), we find the following
equation for the gain fluctuations
τc
d
dt
δgn(t) + δgn(t) = (1− η)Ptot
− eg¯nδgn(t)|E(zn, t)|2 − (eg¯n − 1)|E(zn, t)|2. (28)
Now we expand the integrated gain coefficient zero-mean fluc-
tuations and the electrical field in terms of regular perturbation
series with respect to the parameter , as
δgn(t) =
∞∑
m=0
mδg(m)n (t), (29)
and
E(z, t) =
∞∑
m=0
mE(m)(z, t). (30)
In (29) and (30) δg(m)n , and E(m), are the mth order pertur-
bation corrections to the integrated gain coefficient and the
optical field respectively. In the sequel we will only compute
terms up to the first order in . The FRP approximations to
the integrated gain and the optical field are
δgn,FRP (t) = δg
(0)
n (t) + δg
(1)
n (t), (31)
and
EFRP (z, t) = E
(0)(z, t) + E(1)(z, t). (32)
Note that
δgn(t) = δgn,FRP (t) +O(2), (33)
and
E(z, t) = EFRP (z, t) +O(2). (34)
Now we substitute (29), and (30) into (28), and extract the
equations for zeroth and first order perturbations. The equation
governing the zeroth-order integrated gain fluctuations is
τc
d
dt
δg(0)n (t) + δg
(0)
n (t) = 0. (35)
Similarly, we derive the following equation for the first-order
perturbation correction to the integrated gain coefficient
τc
d
dt
δg(1)n (t) + δg
(1)
n (t) = (1− η)Ptot
− eg¯nδg(0)n (t)|E(0)(zn, t)|2 − (eg¯n − 1)|E(0)(zn, t)|2. (36)
We suppose that the system is turned on in t = −∞, and that
transient solutions of (35) and (36) are tended to zero. Based
on this assumption we have
δg(0)n (t) = 0. (37)
Now we substitute (37) into (36), and solve (36) to obtain
δg(1)n (t) = (1− η)Ptot
− (eg¯n − 1)
∫ +∞
−∞
dτrc(τ)|E(0)(zn, t− τ)|2. (38)
The rc(·) is the carrier density pulsation (CDP) impulse
response of the nth SOA carrier reservoir. It is explicitly
written as
rc (t) =
1
τc
e−t/τcθ (t) . (39)
The function θ(·) is the Heaviside unit step function. Note that∫ +∞
−∞ rc(t)dt = 1; therefore, as a sanity check, we calculate
〈δg(1)n (t)〉 = 0.
We substitute (18), into (14), and derive the following
expression for the FRP approximation of the overall material
gain coefficient
gFRP (z, t) = g
(0)(z) + g(1)(z, t), (40)
where,
g(0)(z) =
Ns∑
n=1
g¯nδ(z − zn). (41)
g(1)(z, t) = −d(z)
∫ +∞
−∞
dτrc(τ)|E(0)(z, t− τ)|2, (42)
where
d(z) =
(
eg¯n − 1) Ns∑
n=1
δ(z − zn). (43)
In writing (42) we used the sifting property of Dirac delta
function, i.e.,
|E(0)(zn, t)|2δ(z − zn) = |E(0)(z, t)|2δ(z − zn). (44)
From now on, we work with gFRP instead of g. We substitute
(40) into (15), and obtain an FRP approximation to the NLSE
(FNLSE), which is
∂zE(z, t) =
1
2
(1− iαH)g(0)(z)E(z, t)
+ 
1
2
(1− iαH)g(1)(z, t)E(z, t)
− α
2
E(z, t)− iβ2
2
∂2tE(z, t) + iγ|E(z, t)|2E(z, t)
(45)
At this point, we define the power normalized optical field
U(z, t) by the following equation
E(z, t) =
√
E exp
{
1
2
(1− iαH)
∫ z
0
dz′g(0)(z′)− αz
2
}
U(z, t). (46)
The Perturbation series of the normalized field is
U(z, t) =
∞∑
m=0
mU (m)(z, t). (47)
The noarmalization relation, (46), is extended to all orders of
perturbation m = 0, ...,∞, i.e.,
E(m)(z, t) =
√
E exp
{
1
2
(1− iαH)
∫ z
0
dz′g(0)(z′)− αz
2
}
U (m)(z, t).
(48)
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After substituting (46) into (45) and simplification, we obtain
the following normalized FNLSE
∂zU(z, t) = −iβ2
2
∂2tU(z, t) + iγEf(z)|U(z, t)|2U(z, t)
− E 1
2
(1− iαH) d(z)f(z)×∫ +∞
−∞
dτrc(τ)|U (0)(z, t− τ)|2U(z, t) + n(z, t)√Ef(z) . (49)
The function f(z) is
f(z) = e−α(z−zn−1), zn−1 ≤ z ≤ zn, n = 1, ..., Ns.
(50)
Equation (49) is the main result of this section. We can
describe the whole system by a single equation at the cost of
treating the SOA gain fluctuations as first order perturbations
in terms of the reciprocal of SOA saturation power, denoted
by . The first and second terms on the right hand side of (49)
correspond to the fiber group velocity dispersion (GVD) and
fiber Kerr nonlinearity. If the amplifiers are linear,  = 0, and
gn(t) = α∆L; otherwise, the third term models the nonlinear
distortions induced by the cascade of the SOAs as the optical
field propagates along the multi-span link. In the next section,
we present the FRP analysis of the normalized FNLSE, (49),
in terms of both  and γ.
E. Perturbation analysis of the normalized FNLSE
We substitute the perturbation series of the power normal-
ized optical field, U(z, t), in terms of the SOA nonlinear
parameter , i.e., equation (47) into (49). The equation for
the zeroth order term, U (0)(z, t), is
∂zU
(0)(z, t) =
− iβ2
2
∂2tU
(0)(z, t) + iγEf(z)|U (0)(z, t)|2U (0)(z, t). (51)
We consider the perturbation series of U (0)(z, t) in terms of
the fiber nonlinear coefficient γ
U (0)(z, t) = u(0,0)(z, t) + γu(0,1)(z, t) +O(γ2). (52)
We substitute (52) into (51) and obtain the following equations
for the zeroth-order and first-order perturbation series (with
respect to γ) terms of U (0). For the zeroth-order term we have
∂zu
(0,0)(z, t) = −iβ2
2
∂2t u
(0,0)(z, t) +
n(z, t)√Ef(z) , (53)
and, for the first-order term we have
∂zu
(0,1)(z, t) =
− iβ2
2
∂2t u
(0,1)(z, t) + iγEf(z)|u(0,0)(z, t)|2u(0,0)(z, t).
(54)
In this work, we ignore all the second-order perturbation terms,
i.e., the terms of the order of O(2), O(γ2), and O(γ).
Adopting this approximation, the equation for the first-order
perturbation terms with respect to  is
∂zU
(1)(z, t) =
− iβ2
2
∂2tU
(1)(z, t)− E 1
2
(1− iαH)f(z)d(z)×∫ +∞
−∞
dτrc(τ)|u(0,0)(z, t− τ)|2u(0,0)(z, t). (55)
F. Solutions of the zeroth-order and first-order equations
The solution of (53) is
u(0,0)(z, t) =
∑
k
aku
(0,0)
k (z, t)+∑
k,s 6=0
ak,su
(0,0)
k,s (z, t− ts(z)) exp [−iΩst+ iφs(z)] +
Dˆz [uASE (z, t)] , (56)
where2
uASE(z, t) =
∫ z
0
dz′
n(z′, t)√Ef(z′) . (57)
The zeroth-order dispersed pulse of the kth symbol of the sth
channel after propagating up to distance z is
u
(0,0)
k,s (z, t) = Dˆz
[
u
(0,0)
k,s (0, t)
]
. (58)
The same expression holds for COI, albeit with dropping the
subscript s. The u(0,0)0 (0, t) is the unperturbed pulse-shape of
the COI, which is
u
(0,0)
0 (0, t) =
1√
T
sinc
(
t
T
)
. (59)
All the adjacent channels use the same pulse-shape as the
COI. The time shift between COI and the sth channel, after
propagation up to distance z is
ts(z) = δTs + β2Ωsz. (60)
The relative phase shift between COI and the sth channel, after
propagation up to distance z is
φs(z) = φs(0) +
β2Ω
2
sz
2
. (61)
We suppose δTs = 0, φs(0) = 0, and Ωs = s∆Ω, in the rest
of the work.
The solution of (54) is presented in Eq. (90) of [7] (cf. also
[14] and [15]), and will not be repeated here. The solution of
(55) is
U (1)(z, t) = E 1
2
(1− iαH)Dˆz
∫ z
0
dz′d(z′)f(z′)×
Dˆ†z′
[∫ +∞
−∞
dτrc(τ)|u(0,0)(z′, t− τ)|2u(0,0)(z′, t)
]
. (62)
2cf. [14] and the discussion leading to Eq. (72) in [7].
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G. Sampled photocurrent analysis
The ideal coherent receiver in this work consists of a
matched filter to the COI pulse-shape followed by ideal
symbol-spaced sampling. cf. Fig. 1.c. The impulse response
of the matched filter, uf , is given by
u∗f (−t) = DˆL
[
u
(0,0)
0 (0, t)
]
, (63)
The sampled photocurrent Ik is given by the following equa-
tion
Ik =
〈
DˆL
[
u
(0,0)
k (0, t)
]
, U(L, t)
〉
. (64)
The FRP approximation to Ik is denoted by Jk. We have
Ik = Jk +O(2) +O(γ2) +O(γ). (65)
From now on, we study only the Jk. It is given by
Jk =
〈
DˆL
[
u
(0,0)
k (0, t)
]
, UFRP (L, t)
〉
, (66)
where
UFRP (z, t) = u
(0,0)(z, t) + γu(0,1)(z, t) + U (1)(z, t). (67)
We substitute (67) into (66), and we obtain
Jk = ak + bk + b′k + nk, (68)
where ak is the kth symbol of the COI, bk is the total fiber-
induced SS nonlinear distortion, and b′k is the total SOA-
induced SS nonlinear distortions. The detailed analysis of bk,
using exactly the same notation as this work, is presented in [7]
(cf. also [14] and [15]). Here, we focus on the SOA-induced
nonlinear distortions. We have
b′k =
〈
DˆL
[
u
(0,0)
k (0, t)
]
, U (1)(L, t)
〉
. (69)
Now we substitute (62) into (69) and use the dispersion
exchange formula (81), [7], [14]. We obtain
b′k = E
1
2
(1− iαH)
∫ L
0
dzd(z)f(z)
∫ +∞
−∞
dtu
(0,0)
k (z, t)×∫ +∞
−∞
dτrc(τ)|u(0,0)(z, t− τ)|2u(0,0)(z, t). (70)
H. Computing the variance of nonlinear distortions
In this section we give the expressions for the variance of
the terms on the right hand side of (68). The variance of the
ASE, σ2ASE =
〈|nk|2〉 is (cf. Eq. (98) in [7])
σ2ASE(P ) =
h¯ω0
2PT
nsp
(
eg¯ − 1)Ns. (71)
The variance of single polarization signal-signal fiber-induced
total nonlinear distortions, σ2SS,f =
〈|bk|2〉, is given by (cf.
Eq. (105) in [7])
σ2SS,f (P ) =
γ2P 2{2X1 + (µ4
µ22
− 2)[X2 + 4X3 + 4X4]+
(
µ6
µ32
− 9µ4
µ22
+ 12)X5 + 4
∑
s
[X1,s + (µ4
µ22
− 2)X3,s]+∑
s
∑
s′
X1,s,s′}, (72)
where the µn is the nth moment of the constellations, and the
various X coefficients on the right hand side of (72) are given
by Eqs. (202)-(208) in [7].
The new contribution of this work, is calculating the vari-
ance of signal-signal SOA-induced total nonlinear distortions
σ2SS,s =
〈|b′k|2〉. It is given by
σ2SS,s(P ) =
1
4
2P 2(1 +α2H)(G¯− 1)2{2Y1 + (
µ4
µ22
− 2)[Y2 + 4Y3 + 4Y4]+
(
µ6
µ32
− 9µ4
µ22
+ 12)Y5 + 4
∑
s
[Y1,s + (µ4
µ22
− 2)Y3,s]+∑
s
∑
s′
Y1,s,s′}, (73)
where G¯ = eg¯ , and the Y coefficients on the right hand side
of (73) are computed in the Appendix. B.
III. CONCLUSIONS
We presented for the first time, a theory of signal propaga-
tion in multi-span wavelength division multiplexed coherent
transmission systems, which use in-line semiconductor optical
amplifiers (SOA). The SOAs were modeled by a standard
reservoir model. The reciprocal of the SOA saturation power
was treated as a new second perturbation parameter, besides
the fiber nonlinear coefficient. First, an equivalent nonlinear
Schro¨dinger equation, capturing both signal propagation in
fiber and the SOAs gain dynamics was derived. Then time-
domain first-order regular perturbation theory was applied to
this equation, and the signal-to-noise ratio of the sampled
received photocurrent was computed.
APPENDIX
A. Notations and preliminary material
The Fourier transform pair in this work is
x˜ (z, ω) = F [x (z, t)] =
∫ +∞
−∞
dt exp (iωt)x (z, t) , (74)
x (z, t) = F−1 [x˜ (z, ω)] = 1
2pi
∫ +∞
−∞
dω exp (−iωt) x˜ (z, ω) ,
(75)
where, F stands for the Fourier transform, F−1 stands for the
inverse Fourier transform, ω = 2pif is the angular frequency,
and f is the frequency. Throughout this paper, a waveform
with a tilde on top is the Fourier transform of the waveform
denoted by the same symbol but without tilde. We define the
following notations for waveforms cross-correlations in time
domain
〈x (z, t) , y (z′, t′)〉 =
∫ +∞
−∞
dτx∗ (z, t+ τ) y (z′, t′ + τ) ,
(76)
and in frequency domain
〈x˜ (z, ω) , y˜ (z′, ω′)〉 =
∫ +∞
−∞
dνx˜∗ (z, ω + ν) y˜ (z′, ω′ + ν) ,
(77)
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where, the superscript ∗ stands for complex conjugation. On
the other hand, we use the notation 〈x (z, t)〉 to denote the
ensemble average over the space of all sample waveforms
of the stochastic process x(z, t). The randomness of the
processes in this work is due to information symbols, which
are assumed to be independent identically distributed (i.i.d.)
discrete random variables with phase-isotropic distributions,
and also due to amplifier noise. In our notation, the Parseval’s
theorem is stated as follows
〈x (z, t) , y (z′, t)〉 = 1
2pi
〈x˜ (z, ω) , y˜ (z′, ω)〉 . (78)
We introduce the following notation for the dispersion
operator in the frequency domain
Dˆz′ [x˜ (z, ω)] = exp
(
i
ω2
2
∫
0
z′
dz′′β2(z′′)
)
x˜ (z, ω) , (79)
and in the time domain
Dˆz′ [x (z, t)] =
F−1
[
exp
(
i
ω2
2
∫
0
z′
dz′′β2(z′′)
)
x˜ (z, ω)
]
. (80)
The following dispersion exchange formula (DEF), which is
easily proven by Parseval’s theorem, will be extensively used
in this work (cf. Eqs.(19) and (20) in [14])〈
x (z, t) , Dˆz′ [y (z, t)]
〉
=
〈
Dˆ†z′ [x (z, t)] , y (z, t)
〉
, (81)
where, Dˆ†z′ is the adjoint of the dispersion operator Dˆz′ , which
is defined to be
Dˆ†z′ [x˜ (z, ω)] = exp
(
−iω
2
2
∫
0
z′
dz′′β2(z′′)
)
x˜ (z, ω) . (82)
Finally note that the sinc function is
sinc (x) =
sin (pix)
pix
. (83)
B. Computing the noise variance of SOA-induced nonlinearity
In this section we outline the computation of the variance
of signal-signal SOA-induced nonlinear distortions σ2SS,s. We
substitute the signal terms on right hand side of (56) into (70).
We ignore nonlinear noise-signals interaction in the SOA in
this work. The resulting expression is
b′k =
∑
m,n,p
am+kan+ka
∗
p+kY
(0,0)
m,n,p+
2
∑
s
∑
m,n,p
am+kan+k,sa
∗
p+k,sY
(0,s)
m,n,p+∑
s,s′
s 6=s′
∑
m,n,p
am+k,san+k,s′a
∗
p+k,s+s′Y
(s,s′)
m,n,p, (84)
where,
Y (s,s
′)
m,n,p =
∫ +∞
−∞
∫ +∞
−∞
dtdτrc(τ)u
(0,0)∗
0 (z, t)×
u(0,0)m (z, t− ts − τ)u(0,0)n (z, t− ts′)×
u(0,0)∗p (z, t− ts+s′ − τ). (85)
these coefficients are expressed in the spectral domain as
follows
Y (s,s
′)
m,n,p =
∫
IR3
d3ω
(2pi)
3H
′
~ω,s,s′ (z) e
i(mω1−pω2+nω3)T . (86)
The symbol dnω stands for dω1dω2 · · · dωn for any positive
integer n, and the following notational convention is used
~ω = (ω1, ω2, ω3) . (87)
The integrand function in is
H ′~ω,s,s′(zq) = Π~ω,s,s′d(z)f(z)×
eiβ2z[(ω2−ω3)(ω2−ω1)−ss
′∆Ω2]. (88)
The function Π′~ω,s,s′ is defined to be
Π′~ω,s,s′ = r˜c(ω1 − ω2 − Ωs′)u˜(0)0 (0, ω1 − Ωs)×
u˜
(0)∗
0 (0, ω2−Ωs+s′)u˜(0)0 (0, ω3−Ωs′)u˜(0)∗0 (0, ω1 − ω2 + ω3) .
(89)
The following notional simplifications are used: H ′~ω,s =
H ′~ω,0,s, Π
′
~ω,s = Π
′
~ω,0,s, H
′
~ω = H
′
~ω,0,0, and Π
′
~ω = Π
′
~ω,0,0
3.
The rest of derivation follows exactly the steps detailed in
the Appendix of [7] for the derivation of X coefficients. In
order to define Y coefficients, take Eqs. (134)-(141) of [7], and
replace X , and X by Y and Y respectively everywhere in those
equations. The next step is writing the integral representations
for the Y coefficients, which are obtained by taking Eqs. (153)-
(160) of [7], and replacing X by Y and H by H ′ everywhere
in those equations. Finally, we use (43) and carry out z-
integrations. The end results are
Y1 = 1
T
∫
d3ω
(2pi)
3
∣∣∣∣∣
Ns∑
m=1
r′~ω,m
∣∣∣∣∣
2
, (90)
Y2 = Re
{∫
d4ω
(2pi)
4
(
Ns∑
m=1
r′~ω,m
)(
Ns∑
m=1
r
′∗
~ω′,m
)}
, (91)
Y3 = Re
{∫
d4ω
(2pi)
4
(
Ns∑
m=1
r′~ω,m
)(
Ns∑
m=1
r
′∗
~ω′′,m
)}
, (92)
Y5 = T Re
{∫
d5ω
(2pi)
5
(
Ns∑
m=1
r′~ω,m
)(
Ns∑
m=1
r
′∗
~ω′′′,m
)}
, (93)
Y1,s = 1
T
∫
d3ω
(2pi)
3
∣∣∣∣∣
Ns∑
m=1
r′~ω,m,s
∣∣∣∣∣
2
, (94)
Y3,s = Re
{∫
d4ω
(2pi)
4
(
Ns∑
m=1
r′~ω,m,s
)(
Ns∑
m=1
r
′∗
~ω′′,m,s
)}
,
(95)
Y1,s,s′ = 1
T
∫
d3ω
(2pi)
3
∣∣∣∣∣
Ns∑
m=1
r′~ω,m,s,s′
∣∣∣∣∣
2
, (96)
3Note that the notations H~ω,s,s′ , and Π~ω,s,s′ are reserved for the treatment
of the X coefficients in [7]
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The integrand function in is
r′~ω,m,s,s′ = Π
′
~ω,s,s′e
iβ2zm[(ω2−ω3)(ω2−ω1)−ss′∆Ω2]. (97)
Like for H ′, and Π′, we adopt the following notational con-
ventions: r′~ω,m,s = r
′
~ω,m,0,s, r
′
~ω,m = r
′
~ω,m,0,0. The following
shorthand notation are used in (90)-(96)
~ω′ = (ω4, ω2, ω1 + ω3 − ω4) , (98)
~ω′′ = (ω1, ω4, ω3 − ω2 + ω4) , (99)
and
~ω′′′ = (ω4, ω5, ω1 − ω2 + ω3 − ω4 + ω5). (100)
The ωi’s, for i = 1, · · · , 5, are independent real dummy
integration variables.
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